Equivariant strong shape  by Bykov, Alexander & Texis, Marcelino
Topology and its Applications 154 (2007) 2026–2039
www.elsevier.com/locate/topol
Equivariant strong shape
Alexander Bykov ∗, Marcelino Texis
Benemérita Universidad Autónoma de Puebla, Av. San Claudio y Rio Verde, Ciudad Universitaria,
Colonia San Manuel, CP 72570 Puebla, Pue., Mexico
Received 30 November 2005; received in revised form 9 September 2006; accepted 16 October 2006
Abstract
In this paper we propose a construction of the equivariant strong shape for compact metrizable G-spaces using an equivariant
version of so-called cotelescopes and the concept of a fibrant G-space.
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0. Introduction
The purpose of this paper is to define the strong shape category for compact metrizable G-spaces. In its construction
we follow the method of F. Cathey given in [8] for the non-equivariant case. One of the crucial points of this method
is the existence of fibrant extensions for metrizable compacta. We generalize (not only in the equivariant sense) the
way of obtaining such fibrant extensions showing that for every G-ANR-resolution of a given compact metrizable
G-space X there corresponds an equivariant fibrant extension of X, namely the cotelescope of this G-resolution
(Theorem 3.6). The definition of cotelescopes in the non-equivariant case as well as some its basic properties can
be found, for instance, in [10,5,6]. The whole Section 3 is dedicated for the detailed description of the equivariant
cotelescopes.
In Section 4 we define the category G-sShCM of equivariant strong shape for compact metrizable G-spaces in a
quite usual way as the full image of some functor-reflector. In our case, it is the reflector of the equivariant homotopy
category of compact G-spaces in the equivariant homotopy category of fibrant G-spaces.
Section 5 contains the description of equivariant strong shape equivalences of the constructed category in terms
of weak homotopy equivalences of appropriate function spaces providing an equivariant version of the approach to
strong shape given in [9]. Taking advantage of this description, we prove that equivariant strong shape equivalences
induce ordinary ones of orbit spaces.
Equivariant function spaces are essentially used in many considerations and proofs of the present work. That is
why the paper starts with the section containing all the necessary material concerning such spaces.
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maps, can be found in [4]. Throughout the paper the letter G will denote a compact Hausdorff group except some
assertions of Section 1, where G is supposed to be locally compact. By G-A(N)R or G-A(N)R-space, we mean a
G-equivariant absolute (neighborhood) retracts for all G-metrizable spaces (see, for instance, [2] for the equivariant
theory of retracts).
1. Actions on function spaces
We denote by YX the set of all continuous maps X → Y endowed with the compact-open topology. The following
theorem states that the space YX can be treated as a G-space if the both spaces X and Y are G-spaces. In fact, it
is an immediate consequence of the well-known results of J. de Vries given in [11] and S. Antonyan given in [1,
Lemma 2].
Theorem 1.1. Let G be a locally compact group. If X and Y are G-spaces, then YX is a G-space with the action
θ :G× YX → YX
defined by θ(g,f )(x) = (g · f )(x) = gf (g−1x), g ∈ G, x ∈ X, f ∈ YX .
Proof. It is easy to see that θ is indeed an action of the group G on YX . Moreover, it can be represented as follows:
θ(g,f ) = θ2
(
g, θ1(g, f )
)
, g ∈ G, f ∈ YX,
where θ1, θ2 :G× YX → YX are the actions of G on YX defined by
θ1(g, f )(x) = f
(
g−1x
)
, θ2(g, f )(x) = gf (x), g ∈ G, x ∈ X, f ∈ YX.
In the above mentioned papers [11,1] it is shown that θ1 and θ2 are continuous actions. Hence the action θ is continuous
too. 
One can easily verify that the action defined in Theorem 1.1 has the following properties provided X, Y and A are
G-spaces:
(i) If (YX)G is the set of the fixed points in YX , then we have(
YX
)
G
= {f ∈ YX | f : X → Y is a G-map}.
Therefore we shall use the symbol (YX)G throughout the paper in order to denote the space of all G-equivariant
maps X → Y .
(ii) If s :A → X is a G-map, then for every G-space Y the induced map
s∗ :YX → YA
(s∗(f ) = f ◦ s) is also a G-map. So the restriction s∗G : (YX)G → (YA)G is well-defined.
(iii) The exponential map
ϕ :YX×A → (YA)X
satisfies the condition ϕ(g · f ) = g ∗ ϕ(f ) for all g ∈ G and f ∈ YX×A, where · and ∗ are the actions on
the function spaces YX×A and (YA)X respectively. (Of course, it is supposed that X ×A is endowed with the
diagonal action of G: g(x, a) = (gx, ga).)
Let us check the assertion (iii). Let f ∈ C(X × A,Y ), g ∈ G, a ∈ A and x ∈ X. Recall that the exponential map ϕ is
defined as (ϕ(f )(x))(a) = f (x, a). Therefore we get(
ϕ(g · f )(x))(a) = (g · f )(x, a) = g(f (g−1x,g−1a)).
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g ∗ ϕ(f ))(x))(a) = (g  (ϕ(f )(g−1x)))(a)
= g(ϕ(f )(g−1x)(g−1a))= g(f (g−1x,g−1a)).
Hence ϕ(g · f ) = g ∗ ϕ(f ).
It is well known that, under some additional conditions, the exponential map may be bijective or continuous or
a homeomorphism. For example, if the G-space X is a Hausdorff space, then ϕ is continuous, i.e. it is a G-map. If
X ×A is a k-space, then ϕ is a homeomorphism, i.e. a G-equivalence. In particular, ϕ is a G-equivalence if X and A
are metrizable. In fact, we are interested only in this last case, because we are going to apply the exponential law to
metrizable G-spaces.
As a corollary of the statements (i) and (iii) we get the following proposition.
Proposition 1.2. Let G be a locally compact group and let X, A and Y be G-spaces. If X and A are metrizable, then
the following restriction of the exponential map ϕ
ϕG :
(
YX×A
)
G
→ ((YA)X)
G
is a homeomorphism.
In particular, the map f :X × A → Y is G-equivariant if and only if the associated map f ∗ = ϕ(f ) :X → YA is
G-equivariant.
One can point out the important particular case of this proposition when A is the unit interval I = [0,1] always
considered with the trivial action of G. The map f :X × I → Y is a G-map, i.e. it is a G-homotopy, if and only if the
associated map f ∗ :X → Y I is a G-map.
Proposition 1.2 is used in the proof of the following fact.
Proposition 1.3. Let G be a compact group. If Y is a G-ANR and K is a compact metrizable G-space, then the
G-space YK is G-ANR.
Proof. Let X be a metrizable G-space and let A be closed invariant subset of X. If f :A → YK is a G-map, then
the associated map f ∗ :A × K → Y is a G-map too by Proposition 1.2. Since Y is a G-ANR, it is also a G-ANE
(see [3, Proposition 2]) and therefore there exists an equivariant extension f¯ ∗ :U → Y of f ∗ on some G-invariant
neighborhood U of A×K in X ×K .
Since K is compact, there is a neighborhood V ′ of A in X satisfying V ′ ×K ⊆ U . The compactness of the group G
implies the existence of a G-invariant neighborhood V of A in X such that V ⊆ V ′. The restriction f¯ ∗|V×K :V ×K →
Y is a G-map and, consequently, the associated map f¯ :V → YK is also a G-map. It is easy to see that f¯ |A = f . It
proves that YK is a G-ANE and hence it is a G-ANR. 
It should be noted that the particular cases of Proposition 1.3, when the action of the group G is trivial either on
the space Y or on the compact space K , follow from Theorems 1 and 2 of Ref. [1]. In particular, we can state that, for
any G-ANR-space Y , the space Y I of paths ω : I → U , provided with the action (g  ω)(t) = gω(t), is a G-ANR.
Since the set of fixed points of a G-ANR-space is obviously an ANR (due to its “extensorial” property), we
get
Corollary 1.4. Let G be a compact group. If Y is a G-ANR and K is a compact metrizable G-space, then the space
(YK)G (that is the space of all equivariant maps K → Y ) is an ANR.
We omit a routine proof of the following technical lemma, it uses the exponential law and Proposition 1.2.
Lemma 1.5. Let i :K ↪→ L, s :A ↪→ X G-embeddings of metrizable G-spaces. For a G-space P , consider the fol-
lowing diagrams:
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f
s
PK
i∗
X
F P
L
L
F̂
i
PX
s∗
K
fˆ
PA
(D) (D˜)
related by
f (a)(k) = fˆ (k)(a), (a, k) ∈ A×K, F(x)(l) = F̂ (l)(x), (x, l) ∈ X ×L,
i∗(u) = u ◦ i, u ∈ PK, s∗(v) = v ◦ s, v ∈ PX.
Then
(i) (D) commutes and consists of G-maps if and only if (D˜) commutes and consists of G-maps.
(ii) The commutative diagram (D) of G-maps has a filler H :X → PK if and only if the commutative diagram (D˜)
of G-maps has a filler Ĥ :K → PX .
2. Equivariant SSDR-maps and fibrants
In this section it is supposed that G is a compact group, all G-spaces are assumed to be metrizable.
A closed invariant subspace A of a G-space X is called a shape strong G-deformation retract of X if there exists
a G-equivariant embedding i :X ↪→ Y for some G-AR-space Y such that for any pair of invariant neighborhoods U
and V of i(X) and i(A) respectively in Y , there is a G-homotopy H :X× I → U rel. A such that H(x,0) = i(x) and
H(x,1) ∈ V for any x ∈ X.
Note that if for a G-pair (X,A) an embedding i :X ↪→ M satisfies the conditions of the above definition, then these
conditions hold for any other closed G-equivariant embedding j :X ↪→ Z where Z is a G-AR-space.
A closed G-equivariant embedding s :A ↪→ X is called a G-SSDR-map if s embeds A in X as a shape strong
G-deformation retract of X.
Clearly, the concept of G-SSDR-map generalizes the concept of G-SDR-map. Recall that a closed G-embedding
s :A ↪→ X is called a G-SDR-map if s embeds A in X as a strong G-deformation retract of X.
A G-space Y is called a fibrant G-space or simply G-fibrant if for every G-SSDR map s :A ↪→ X and every
G-map f :A → Y , there exists a G-map F :X → Y such that F ◦ s = f :
A
s
f
X
F
Y
A map p :E → B will be called a G-fibration if for every G-space X and every commutative diagram of G-maps
X
δ0
h
E
p
X × I
H
B
where δ0(x) = (x,0), there exists a filler H˜ :X × I → E that is a G-map such that H˜ ◦ δ0 = h and p ◦ H˜ = H .
For example, the G-fibrations naturally appear in the following situation. If Y is a G-space and L is a subcomplex of
a CW complex K (with the trivial action of G), then the G-map i∗ :YK → YL is a G-fibration defined by i∗(u) = u|L
for u ∈ YK . In particular, the projection of the path space πY :Y I → Y × Y , given by πY (ω) = (ω(0),ω(1)), is a
G-fibration.
Theorem 2.1. Let s :A ↪→ X be a closed G-embedding. Then the following conditions are equivalent:
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(b) for any G-map f :A → Y , where Y is G-ANR, there is a G-extension f˜ :X → Y such that f˜ ◦ s = f , and if
f˜1, f˜2 :X → Y are any two such extensions, then f˜1 G f˜2 rel. s(A);
(c) for any G-fibration p :E → B , where E and B are G-ANRs and any commutative diagram of G-maps
A
s
f
E
p
X
F
B
there exists a G-map F˜ :X → E such that F˜ ◦ s = f and p ◦ F˜ = F ;
(d) any commutative diagram of G-maps
A
s
f
PK
i∗
X
F P
L
has a filler H :X → PK provided P is a G-ANR, L is a subcomplex of a finite CW complex K (with the trivial
action of G) and i∗(u) = u|L;
(e) the map
s∗G :
(
PX
)
G
→ (PA)
G
is a trivial Serre fibration for every G-ANR-space P .
Proof. The proof of the equivalence of (a), (b) and (c) can be found in [7]. Clearly, (c) implies (d) as i∗ is a G-fibration
of G-ANRs (see Corollary 1.4).
Let us prove that (d) and (e) are equivalent. According to Lemma 1.5, the existence of the filler H :X → PK in (d)
is equivalent to the existence of the filler Ĥ :K → PX in the diagram G-maps
L
F̂
i
PX
s∗
K
fˆ
PA
where i :L ↪→ K is the inclusion of L in K . Now note that Im fˆ ⊆ (PA)G, Im F̂ ⊆ (PX)G and Im Ĥ ⊆ (PH )G,
because the actions of the group G on L and K are trivial and therefore the images of the equivariant maps fˆ , F̂ , Ĥ
may contain only fixed points of the G-spaces PA and PX (recall that these points are exactly G-maps). This proves
that (d) is equivalent to the existence of a filler for any commutative diagram
L
i
(PX)G
s∗G
K (PA)G
The last condition means that s∗G is a Serre fibration.
In order to finish the proof we shall show that (d) implies (a).
Clearly, we can assume that X is an invariant closed subset of some G-AR-space M and that A is an invariant
closed subset of X, so s(a) = a for a ∈ A. Let U and V be invariant open neighborhoods of X and A respectively in
M such that V ⊆ U . In particular, U and V are G-ANR. First applying (d) for the case of P = V , K = {∗}, L = ∅ and
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L = I˙ = {0,1}, that is, in fact, for the commutative diagram of G-maps
A
f
s
UI
π
X
F
U ×U
where π(ω) = (ω(0),ω(1)), f (a)(t) = a, F(x) = (x, r(x)), we obtain a G-map H :X → UI such that H ◦ s = f
and π ◦ H = F . Now observe that the map D :X × I → U defined by D(x, t) = H(x)(t) satisfies the conditions of
the definition of a G-SSDR-map. 
Corollary 2.2. Every G-ANR is a fibrant G-space.
Proposition 2.3. If Y = {Yi,pi+1i } is an inverse sequence of fibrant G-spaces and G-fibrations, then Y = lim←−Y is afibrant G-space and all the natural projections pi :Y → Yi are G-fibrations.
Proposition 2.4. If Y is a fibrant G-space and K is a compact metrizable G-space, then YK is also a fibrant G-space.
The proof of this proposition uses Proposition 1.2 and it is quite similar to the proof of Proposition 1.3.
Also the following result, proved in [7], can be mentioned:
Theorem 2.5. Every compact metrizable group G is a fibrant G-space.
If a G-SSDR-map s :X ↪→ X˜ is such that X˜ is a fibrant G-space, then it is said that s is a fibrant G-extension of X.
In the next section it will be shown that every compact metrizable G-space admits a fibrant G-extension.
3. Equivariant cocylinders and cotelescopes
As it was noted before, for every G-space Y, the path space Y I , endowed with the action defined in Section 1, is
also a G-space. This fact allows us to consider equivariant mapping cylinders and, consequently, equivariant cotele-
scopes whose properties are quite analogous to those in the non-equivariant case. In this section we remind some of
them.
Let f :X → Y be a G-equivariant map. Recall that the cocylinder of f , denoted by coCyl(f ), is the inverse limit
of the diagram X f−→ Y π
1
Y←− Y I , where π1Y (ω) = ω(1), in other words, there is the pull-back diagram of G-maps
coCyl(f ) f
′
t
Y I
π1Y
X
f
Y
So we have
coCyl(f ) = {(x,ω) ∈ X × Y I | f (x) = ω(1)},
t (x,ω) = x, f ′(x,ω) = ω,
and the group G acts on coCyl(f ) as follows
g · (x,ω) = (gx, gω).
As well as in the non-equivariant case, it can be shown that the given G-map f :X → Y can be factorized as
X
s−→ coCyl(f ) p−→ Y , where
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(b) s is a G-SDR-map, defined by s(x) = (cf (x), x), where cf (x) is the constant path in f (x).
Moreover, the G-map t is a shrinkable G-fibration with respect to s, that is a G-fibration such that t ◦ s = idX and
there is a fiber G-homotopy
s ◦ t  idcoCyl(f ) rel.s(X)
Using Propositions 1.3 and 2.4, one can prove the following
Proposition 3.1. Let f :X → Y be a G-map.
(1) If X and Y are G-ANR-spaces, then coCyl(f ) is a G-ANR.
(2) If X and Y are G-fibrants, then coCyl(f ) is a G-fibrant.
For the forthcoming description of cotelescopes, we shall need the following simple fact concerning shrinkable
G-fibrations:
Proposition 3.2. If in the pull-back diagram of G-maps
E′
q ′
f ′
E
q
B ′ f B
q is a shrinkable G-fibration with respect to s :B ↪→ E, then q ′ is also a shrinkable G-fibration with respect to a
uniquely defined G-embedding s′ :B ′ ↪→ E′ such that f ′ ◦ s′ = s ◦ f .
Let X = {Xi, qi+1i }i0 be an inverse sequence of G-spaces and G-maps. So X is a diagram of the form:
X0
q10←− X1
q21←− X2 ←− · · · ←− Xn q
n+1
n←− Xn+1 ←− · · ·
Let us modify the diagram X every G-map qi+1i by
Xi,i+1
pi ti+1
Xi Xi+1
where Xi,i+1 = coCyl(qi+1i ) and the maps pi and ti+1 are respectively the above mentioned G-fibration and the
shrinkable G-fibration with respect to the G-SDR-map si+1 :Xi+1 ↪→ Xi,i+1 assigned to the cocylinder. As a result
of this modification, we obtain a new diagram denoted by T (X ). The cotelescope of the inverse sequence X, denoted
by coTel(X ), is defined as the inverse limit of the diagram T (X ):
coTel(X ) = lim←−T (X ).
As an inverse limit of a diagram of G-spaces and G-maps, the cotelescope has a natural structure of a G-space.
The direct description of coTel(X) is as follows:
coTel(X ) =
{
(x0,ω0, x1,ω1, . . .) ∈
∞∏
i=0
Xi ×XIi |
ω0(0) = x0, ω0(1) = q10 (x1), ω1(0) = x1, ω1(1) = q21 (x2), . . .
}
.
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g · (x0,ω0, x,ω1, . . .) = (gx0, gω0, gx1, gω1, . . .), g ∈ G.
Let Tn(X ) be the following finite diagram:
X01
p0 t1
X12
p1 t2
· · · Xn−1,n
pn−1 tn
X0 X1 X2 · · · Xn−1,n Xn
Note that Tn(X ) ⊂ Tn+1(X ) and T (X ) =⋃∞n=1 Tn(X ).
Now let X0,n be the inverse limit of the diagram Tn(X ): X0,n = lim←−Tn(X ). We can construct the following
commutative diagram:
X0,n
p0,n−1 t1,n
X0,n−1
t1,n−1
X1,n
p1,n
t2,n
X02
p01 t12
· · · X1,n−1 X2,n
X01
p0 t1
X12
p1 t2
· · · · · · Xn−1,n
pn−1 tn
X0 X1 X2 · · · Xn−1 Xn
where each square is a pull-back. In this diagram all the G-maps pi,j are G-fibrations since p1,p2, . . . , pn are
G-fibrations and every map ti,j is a shrinkable G-fibration with respect to some G-map si,j by Proposition 3.2 since
each ti is a shrinkable G-fibration with respect to si . Changing every ti by si and every ti,j by si,j and putting
X˜0 = X0, q˜10 = p0, s˜0 = idX0 , s˜1 = s1, X˜i = X0,i , q˜ii−1 = p0,i−1 and s˜i = s1,i ◦ · · · ◦ si−1,i ◦ si for i > 1, we obtain the
commutative diagram
(X˜)
X˜0 X1
q˜10
X2
q˜21 · · · X˜i X˜i+1
q˜i+1i · · ·
X0
s˜0=id
X˜1
q10
s˜1
X˜2
q21
s˜2
· · · Xi
s˜i
Xi+1
s˜i+1
qi+1i · · ·
It can be seen that:
(a) coTel(X ) = lim←− X˜, where X˜ = {X˜i, q˜i+1i }i0;
(b) q˜i+1i : X˜i+1 → X˜i is a G-fibration and s˜i :Xi ↪→ X˜i is a G-SDR-map for each i  0;
(c) if all the G-spaces Xi , i  0 are G-ANRs (G-fibrants), then all the G-spaces X˜i , i  0 are also G-ANRs (respec-
tively G-fibrants).
As one of the consequences of the above construction, we get
Proposition 3.3. The coTel(X ) is a G-fibrant for every inverse sequence X = {Xi, qi+1i }i0 consisting of G-fibrants
Xi and G-maps qi+1i .
In particular, coTel(X ) is a G-fibrant if all Xi are G-ANRs.
Suppose that X = lim←−X and q = {qi :X → Xi}i0 is the family of the natural projections. Then the G-SSDR-maps
s˜i in the diagram (X˜) induce a unique G-embedding sq :X ↪→ coTel(X ) such that q˜i ◦ sq = si ◦ qi for every i  0.
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under which the sq is a G-SSDR-map. For this we need some additional definitions.
Let A be a closed invariant subset of a G-space X. We shall say that a G-map D :X × [0,∞) → X (it is supposed
that the action on [0,∞] is trivial) is an infinite strong G-deformation of X onto A if
(i) D(x,0) = x for all x ∈ X,
(ii) D(a, t) = a for all a ∈ A and t ∈ [0,∞),
(iii) for any invariant neighborhood U of A in X there exists λ ∈ [0,∞) such that
D
(
X × [λ,∞))⊆ U.
In this case it is said that A is an infinite strong deformation G-retract of X. Obviously, in the case of metrizable
G-spaces, it implies, in particular, that the G-embedding A ↪→ X is a G-SSDR-map.
Let X be a compact G-space. We shall say that an inverse sequence of G-spaces and G-maps X = {Xi, qji }i0 is
a G-resolution of X if
(1) X = lim←−X;(2) the family of the natural projections q = {qi :X → Xi}i0 satisfies the following condition: for every i  0 and
any invariant open neighborhood U of qi(X) in Xi there exists j  i such that qji (Xj ) ⊆ U .
In this case, the family q :X → X of the natural projections is also called a G-resolution. If, moreover, all the
G-spaces Xi in X are G-ANRs it will be said that q is a G-ANR-resolution of X.
For example, if X = {Xi, qji }i0 is an inverse sequence of compact metric G-spaces, then X is a G-resolution of
X = lim←−X.
It should be noted that our definition of G-resolution represents a very special case of the concept of G-resolution
given in [3].
Proposition 3.4. Every compact metrizable G-space X admits a G-ANR-resolution q :X → X.
Proof. A given compact metric G-space can be embedded as a closed G-invariant subset in some G-AR-space M (see
[3, Proposition 1]). Since G is a compact group, for each neighborhood U of X in M there exists an open G-invariant
neighborhood W of X in M such that W ⊆ U . Using this fact and compactness of X one can find a sequence of open
G-invariant neighborhoods of X in M
U1 ⊇ U2 ⊇ U3 ⊇ · · · ⊇ Un ⊇ · · ·
such that for any neighborhood U de X we have Un ⊆ U for some n. Being open G-invariant subsets of a G-AR-
space, Ui are G-ANRs. So the inverse sequence U = {Ui, qi+1i }, where qi+1i are the G-embeddings Ui+1 ↪→ Ui , is a
G-ANR-resolution of X. 
Proposition 3.5. Let X be a compact metrizable G-space. If q :X → X, X = {Xi, qji }i0, is a G-resolution of X,
then there exists an infinite strong G-deformation
coTel(X )× [0,∞) → coTel(X ),
of coTel(X ) onto sq(X). In particular, sq :X ↪→ coTel(X ) is a G-SSDR-map.
Proof. Let us denote coTel(X ) by X˜ and consider the given above diagram (X˜) constructed for X. Since the nat-
ural projection q˜i : X˜ → X is a G-fibration and therefore has a regular homotopy lifting property, there is a strong
deformation D˜i : X˜ × I → X˜ of X˜ onto Fi = q˜−1i (s˜i (Xi)) as covering G-homotopy for a strong G-deformation
Di : X˜i × I → X˜i of X˜i onto s˜i (Xi). Note that {Fi} is a decreasing family of closed G-invariant subsets of X˜ con-
taining sq(X), i.e. Fi ⊇ Fi+1 ⊇ sq(X) for every i  0. Moreover, due to the fact that q is a G-resolution, for each
neighborhood U˜ of sq(X) in X˜ there exists an index j such that Fj ⊂ U . Indeed, using compactness of sq(X), we
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the G-invariant neighborhood V = s˜−1i (V˜ ) of qi(X) in Xi , we find an index j  i for which qji (Xj ) ⊆ V and hence
q˜
j
i (sj (Xj )) ⊆ V˜ . Thus we obtain
Fj = q˜−1j
(
s˜j (Xj )
)⊆ q˜−1i (q˜ji (s˜j (Xj )))⊆ q˜−1i (V˜ ) ⊆ U˜ .
Finally, applying consequently the strong G-deformations D˜i to F0 = X˜,F1,F2, . . . , we get the required infinite
G-deformation. 
As a simple consequence of Propositions 3.3, 3.4 and 3.5, we get the main result of this section.
Theorem 3.6. Every compact metrizable G-space admits a fibrant G-extension sX :X ↪→ X˜. More precisely, if
q :X → X is a G-ANR-resolution of X, then the natural G-embedding
sq :X ↪→ coTel(X )
is a fibrant G-extension.
4. Construction of the category G-sShCM
We suppose, as in the most part of the paper, that G is a compact Hausdorff group. We shall use the symbols G-M
and [G-M] to denote the category of metrizable G-spaces and G-maps and the corresponding G-homotopy category,
respectively. We shall also consider their full subcategories G-CM and [G-CM] whose objects are compact G-spaces.
Given X,Y ∈ Ob(G-M), we shall denote as [X,Y ]G the set of G-homotopy classes [f ] of G-maps f :X → Y .
Let sX :X ↪→ X˜ be a fibrant G-extension of X ∈ Ob(G-CM). By the definition of fibrant G-space, for every
G-map f :X → Y , where Y is a G-fibrant, there exists a G-map f˜ : X˜ → Y such that the diagram
X
sX
f
X˜
f˜
Y
commutes. Such a G-map f˜ is unique up to G-homotopy by Theorem 2.1, moreover, if f G f ′ and a G-map
f˜ ′ : X˜ → Y is such that f˜ ′ ◦ sX = f ′, then f˜ G f˜ ′. In other words, the function
[sX]∗ : [X˜, Y ]G → [X,Y ]G
is well-defined and bijective, where [sX]∗([f˜ ]) = [f˜ ◦ sX].
Let us use the symbol [G-F] to design the full subcategory of [G-M] whose objects are fibrant G-spaces. The
mentioned fact about sX actually means that the following assertion is true.
Proposition 4.1. If sX :X ↪→ X˜ is a fibrant G-extension, then the morphism of the category [G-M]
[sX] :X → X˜
is a [G-F]-reflection.
(For the definition of a reflection and a reflector, see [8] or [9].)
Choose, for each compact G-space X ∈ Ob(G-CM), a fibrant G-extension sX :X → X˜. Then the family
{sX}X∈Ob(G-CM)
defines the [G-F]-reflector
R : [G-CM] → [G-F],
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compact G-spaces, the diagram (in [G-M])
X
[sX]
[f ]
X˜
R[f ]
Y [sY ] Y˜
is commutative. In fact, there exists a unique up to G-homotopy G-map f˜ : X˜ → Y˜ such that the following diagram
(in G-M) commutes
X
sX
f
X˜
f˜
Y sY Y˜
In this case we shall say that the pair of G-SSDR-maps (sX, sY ) :f ↪→ f˜ is fibrant G-extension of f .
Definition 4.2. The category of equivariant strong shape of compact metrizable G-spaces is defined as the full image
of the reflector
R : [G-CM] → [G-F]
and it is denoted by G-sShCM.
According to the definition of the full image of a functor the category G-sShCM can be characterized by the
following commutative diagram of functors
[G-CM] R
sSh
[G-F]
G-sShCM
JR
where the functor sSh is the identity functor on objects, i.e.
Ob(G-sShCM) = Ob(G-CM),
and the functor JR is fully faithful. By this way the category G-sShCM is uniquely defined up to isomorphism of
categories. Note also that, by the definition of a full image,
G-sShCM(X,Y ) = [X˜, Y˜ ]G
and sSh[f ] = R[f ] = [f˜ ] for a fibrant G-extension
(sX, sY ) :f ↪→ f˜ , f˜ : X˜ → Y˜ ,
of f :X → Y .
5. Equivariant strong shape equivalences
Naturally, one can say that a G-map f :X → Y of compact metrizable spaces is an equivariant strong shape
equivalence if its fibrant G-extension Rf : X˜ → Y˜ is an equivariant homotopy equivalence or, in other words, the
morphism sSh([f ]) is invertible. In this section (it is inspired by the approach to the strong shape given by J. Dydak
and S. Nowak in [9]), we provide another description of equivariant strong shape equivalences which does not involve
directly fibrant G-extensions and can be applied to all metrizable G-spaces.
Recall that a continuous map f :X → Y is called weak homotopy equivalence if, for every CW complex K , it
induces a bijection
f∗ : [K,X] → [K,Y ],
between the homotopy classes of [K,X] and [K,Y ], where f∗([h]) = [f ◦ h] for [h] ∈ [K,X].
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G-equivalence if the induced map
f ∗G :
(
PY
)
G
→ (PX)
G
is a weak homotopy equivalence for each G-ANR-space P .
If X and Y are compact metrizable G-spaces, then by Corollary 1.4, the function spaces (PX)G and (P Y )G are
ANRs for each G-ANR-space P , and therefore they have the homotopy type of CW complexes. Consequently, the
map f ∗G : (P Y )G → (PX)G is a homotopy equivalence for each G-ANR-space P if f :X → Y is a strong shape
G-equivalence of compact metrizable G-spaces in the sense of this definition.
Also it can be easily shown the following: if f :X → Y is a G-homotopy equivalence of metrizable G-spaces, then
f ∗G : (P Y )G → (PX)G is a homotopy equivalence for each G-space P . So f is a strong shape G-equivalence.
Proposition 5.2. A closed G-embedding s :A ↪→ X, where A and X are metrizable G-spaces is a strong shape G-
equivalence if and only if s is a G-SSDR-map.
Proof. If s is a G-SSDR-map, then by Theorem 2.1, s∗G : (PX)G → (PA)G is a trivial Serre fibration for every
G-ANR-space P and therefore a weak homotopy equivalence. Hence s is a strong shape G-equivalence according
to Definition 5.1.
Note now that in general the function s∗G : (PX)G → (PA)G is a Serre fibration for every closed G-embedding
s :A ↪→ X if P is a G-ANR-space. Indeed, one can mention that the commutativity of the diagram of continuous
maps
K × 0 h (PX)G
s∗G
K × I
H
(PA)G
where K is a finite CW complex, is equivalent to the commutativity of the diagram of G-equivariant maps (of course,
it supposed that the action of G on K is trivial)
A×K × 0 s×idK×0 X ×K × 0
h∗A×K × I
H∗
s×idK×I
X ×K × I
P
where
h∗(a, k,0) = h(k,0)(a), H∗(x, k,0) = H(k,0)(x)
for (x, k) ∈ X × K , a ∈ A. Since P is a G-ANR-space, there exists a G-homotopy H˜∗ :X × K × I → P which
preserves the commutativity of this diagram due to the equivariant version of the Homotopy Extension Theorem
applied to the G-pair (X×K,A×K). Consequently, the map H˜ :K × I → PX , defined by H˜ (k, t)(x) = H˜∗(x, k, t),
is a filler for the initial diagram. This proves that s∗G is a Serre fibration.
Suppose now that s :A → X is a strong shape G-equivalence, in other words, s∗G : (PX)G → (PA)G is a weak
homotopy. Hence, being a Serre fibration, s∗G is a trivial Serre fibration (see, for instance, Theorem 9.2 of [9]) and
according to Theorem 2.1, s is a G-SSDR-map. 
Theorem 5.3. Let f :X → Y be an equivariant map of compact metrizable G-spaces and let (sX, sY ) :f ↪→ f˜ ,
f˜ : X˜ → Y˜ be a fibrant G-extension of f . Then f is a strong shape G-equivalence in the sense of Definition 5.1 if and
only if f˜ is a G-homotopy equivalence.
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Y , where Cyl(f ) is the mapping cylinder of f , such that i is a G-cofibration and p is a homotopy G-equivalence. Let
s : Cyl(f ) ↪→ Z˜ be a fibrant G-extension of the mapping cylinder of f . For the G-maps i and p there exist G-maps
i˜ : X˜ → Z˜ and p˜ : Z˜ → Y˜ such that the following diagram commutes
X
sX
i
X˜
i˜
Cyl(f ) s
p
Z˜
p˜
Y
sY
Y˜
Suppose that f is a strong shape G-equivalence in the sense of Definition 5.1. Then so is i, because, for the induced
maps, we have f ∗G = i∗G ◦ p∗G and p∗G is a homotopy equivalence. Hence, by Proposition 5.2, i is a G-SSDR-map and
therefore i˜ is a G-homotopy equivalence. So we get that p˜ ◦ i˜ is a G-homotopy equivalence. Moreover, there is a
G-homotopy p˜ ◦ i˜ G f˜ because the both G-maps p˜ ◦ i˜ and f˜ are fibrant G-extensions of the same map f . Thus, f˜
is a G-homotopy equivalence too.
On the other hand, if f˜ : X˜ → Y˜ is a G-homotopy equivalence, then the map f˜ ∗G : (P Y˜ )G → (P X˜)G is a homotopy
equivalence for all G-ANR-spaces P . The maps (s∗X)G and (s∗Y )G are weak homotopy equivalences by Proposition 5.2.
This implies that f ∗G is also a week homotopy equivalence by virtue of the commutativity of the diagram
(PX)G (P X˜)G
(s∗X)G
(P Y )G
f ∗G
(P Y˜ )G(s∗Y )G
f˜ ∗G
This ends the proof. 
By the construction of the category G-sShCM, we immediately come to the following conclusion.
Corollary 5.4. A G-map f of compact metrizable G-spaces is a strong shape G-equivalence in the sense of Defini-
tion 5.1 if and only if sSh([f ]) is an isomorphism in G-sShCM.
Certainly, all the definitions and the results of the paper remain true in the non-equivariant case which corresponds
to the trivial action of the given group G. Thus, this section provides a description of strong shape equivalences
between compact metrizable spaces.
Corollary 5.5. If f :X → Y is a strong shape G-equivalence of compact metrizable G-spaces, then the induced map
f/G :X/G → Y/G is a strong shape equivalence of the orbit spaces.
Proof. Let (sX, sY ) :f ↪→ f˜ , f˜ : X˜ → Y˜ be fibrant G-extension of f . Passing to the orbit spaces we obtain the
commutative diagram
X/G
sX/G
f/G
X˜/G
f˜ /G
Y/G
sY /G
Y˜ /G
where f˜ /G is a homotopy equivalence because so is f˜ , and moreover sX/G and sY /G are SSDR-maps by Propo-
sition 3.5 of [7]. All this implies, as in the proof of the previous theorem, that (f/G)∗ :PY/G → PX/G is a weak
homotopy equivalence for every ANR-space P . It means that f/G is a strong shape equivalence. 
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